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Fibrations are categories varying over a category

Definition
A fibration is a functor B _P . cat
i.e. data as follows
1. for every object b in B a category P(b)
2. for every f: b’ — b in B a functor P(f): P(b)— P(b")
Idp()
3. for every object b in B a commutative diagram P(b) I P(b)
P(idp)
4. for every composable pair g: b’ — b’, f: b’ — b in ‘B a commutative

diagram P(f) P(b") P(g)

7o) P(fog)

(b”)




Fibrations are categories varying over a category

Definition
A fibration is a functor B°° _P_, cat

A homomorphism of fibration is a pair

B BoP B Bop
P op
Id Id -~
I e S sl 17| l\)

Cat B BP ——qf P_= cat

floF f B
k(ly f % f pclopld Q



Fibrations are categories varying over a category

Definition

A fibration is a functor B°P _P . cat

Examples

SetP L} Pos__, Cat

T . .
Ctx? LT Preord_, Cat for 7 a theory in first order logic

G®_ 5 | aut(#), cat
SetP L Cat
BoP F ., Setc_, Cat

B/ -
BopP # Cat when B has pullbacks
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Fibrations are categories varying over a category

Definition

A fibration is a functor B°P _P . cat

Examples

T . .
Ctx? LT Preord_, Cat for 7 a theory in first order logic
op LT?
Ctx, — =, (Cat

(X1, o ooy Xpn) ——— LTx,,... x,




Fibrations are categories varying over a category

Definition

A fibration is a functor B°P _P . cat

Examples
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Fibrations are categories varying over a category

Definition

A fibration is a functor B°P _P . cat

Examples
Set® __CO oo
(_) S——— CS
Set® _C7  cay fl l .
} = ©



Fibrations are categories varying over a category

Definition

A fibration is a functor B°P _P . cat

Examples
BOP ;) Cllt
b——F(b)
: F
Bop__F . Setc . cat fl l )




Fibrations are categories varying over a category

Definition

A fibration is a functor B°P _P . cat

Examples

W)
BP____ 7 . (Cat
br—— B/

—

QS/(_) b’ ——— B/}
BopP__ 7. Cat when B has pullbacks




Fibrations are categories varying over a category

Definition

A fibration is a pseudofunctor ‘B°P _P . cat

Examples

W)
BP____ 7 . (Cat
br—— B/

—

QS/(_) b’ ——— B/}
BopP__ 7. Cat when B has pullbacks




Fibrations are categories varying over a category

Definition

A fibration is a pseudofunctor ‘B°P _P . cat
i.e. data as follows

1. for every object b in B a category P(b)
2. for every f:b” — b in B a functor P(f): P(b) — P(b")

_—
3. for every object b in B a natural isomorphism P(b) Vbil P(b)

4. for every composable pair g: b’ — b’, f: b’ — b in ‘B a natural isomorphism

P(f)__P(b") __P(g)
/ ngIle\}P

o) P(f o g)

(")

which satisfy...



Fibrations are categories varying over a category

Definition

A fibration is a pseudofunctor ‘B°P _P . cat
i.e. data as follows... which satisfy

forf:b’—b
P(b)
b P(f)
Idp(b) —|P(idp) Idp(b) 4
1dp(f).
P(b) P(f)/ P()

and...



Fibrations are categories varying over a category

Definition

A fibration is a pseudofunctor B°° _P ., cat
i.e. data as follows... which satisfy
forf:b’—b... and

P(f
P(b) _PD P(b’) —> P(b’)
(]_db/) Vbl IdP b/
uld/ B \y Idp (t')

P(b’)

and...



Fibrations are categories varying over a category

Definition

A fibration is a pseudofunctor B°° _P ., cat
i.e. data as follows... which satisfy... and
for h:b””” — b”, g:b” — b’, f:b’ — b

P(fogoh) p(b") P(b) P(fogoh) P(b")
HMgoh,f

\
P(f)| P(geh) Hhg | P(h) = P(f)

P(b)

Hh,fog

P(b’) P(b") P(b") P(9)



Fibrations are categories varying over a category, II

Definition

A fibration is a functor E L B such that
for everyeand f

S—I®

b ———



Fibrations are categories varying over a category, II

Definition

A fibration is a functor ‘E L ‘B such that
for every e and f there is f

fr(e)—=—e 2
f

[Tl

b’——b B



Fibrations are categories varying over a category, II

Definition
A fibration is a functor ‘E L ‘B such that

for every e and f there is f X h
universal with the property \
frle)=—=e g
f
h p
p(X) —ph)
g\ b’ >¢ b __ B
f=r{)



Fibrations are categories varying over a category, II

Definition
p

A fibration is a functor £

for every e and f there is f
universal with the property

B such that
X = h
PR

frle)—=—e y2

f
p(X) M g
p(k) =g\ b'\—ff b(A) B

=p



Comparing pseudofunctors and fibrations

Pseudofunctors Fibrations
B0 P, car £ P 3
e stp(e)=b
the category p'(6): |V 55l i

e/ stp(d)=b



Comparing pseudofunctors and fibrations

Pseudofunctors Fibrations
—1
BOP p—) Cat HE L) B
f*(e) f—> e
—1 . h —
the functor p~(b) FM p~'(b") I l
e f*(e) b’ ——b



Comparing pseudofunctors and fibrations

Pseudofunctors Fibrations
—1
BoP p_> Cat  E L) B
B P, car [p P, 3
b o (7. ) ,
the category [P: (b a) Fb—bind (b, a)
st. a’eP(b’) h:a—P(f)(a) in P(b") st. aeP(b)
(9, k) (f, h)
124 /7 / /
composition is (b”, o )\(t’;b (b, @)

(fog, Hgso(P(g)(h)) o k)



A picture of composition in the category f P




A picture of composition in the category f P

lk
Plg)(or) — g
lh
P(f)(@) — D a
P(fog)(a)j
Py — 9 pyy I p
\—/



A picture of composition in the category f P

»
k
Pg)(or) — g
P(g)(h) lh
P(o) P(f)

P(b") Pl9) P(b") L P(b)
\/



A picture of composition in the category f P

a//
R
po) o) —— 9
P(g)(h) lh
P p
PO)(P(F) () — 9 p(r)a) ) g
Mgz
P(f o g)(a) P(fog)
P(b”) P(9) P(b') L P(b)
w



Comparing pseudofunctors and fibrations, II

Examples

Pseudofunctor ‘B°P L) Cat

Set°P

® Posc

Cat

Fibration fPﬁ> B
Sub

E—FE

[ [——sLs

S—9s

Set




Comparing pseudofunctors and fibrations, II

Examples
op P i g pr,
Pseudofunctor B°P _— , Cat Fibration fP_>
%) .
op ]__TT t —X i) X’
Ctx, —=— Preord —, Cat st. Xl Yi/x’

for 7 a theory in first order logic X", )



Comparing pseudofunctors and fibrations, II

Examples
Pseudofunctor B°° _P_, cat Fibration fPﬁ>
Ge 5 . au(s), cat GugH P,

(9.h)- (g, h’) = (99", Eg ()h')



Comparing pseudofunctors and fibrations, II

Examples
Pseudofunctor B _P . cat Fibration [P 1, PL 3
set® _CO oy Fam(() Set

(Ci)ies
%fi)iGS) '_/_) S L) S/
f,-:c,-—»c;(,.),ies

(Cf )jes’



Comparing pseudofunctors and fibrations, II

Examples

Pseudofunctor B _P . cat Fibration fP PL 3

op F
. Setc Cat fF B is a discrete fibration



Comparing pseudofunctors and fibrations, II

Examples
Pseudofunctor B _P ., cat Fibration fPﬂ) B
%)
BoP___ L7, Cat 2 cod
B-_L04 3B

B with pullbacks



Split fibrations

Definition
A fibration Q)L B is split when it is ofthe

form fP ‘B for some functor ‘B°P _> Cat

SplFibr(‘B) = cat([B°P, Set])
Examples

Sub__ Set

GreH _Ph

Fam((C) — Set

Discrete fibrations fF B



Split fibrations

Definition
A fibration D _S , B is split when it is of the

form fPﬁ) B for some functor B _P , cat
SplFibr(B) — cat([B%, Set])

Examples

Representable discrete fibrations B/q b

otl ae



Split fibrations

Definition
A fibration D _S , B is split when it is of the

form fPﬂQﬂ for some functor B _P . cat

SplFibr(‘B) = cat([B°P, Set])

Examples
Representable discrete fibrations B/q b
a<e
J:a /\/
B b)———b



Split fibrations

Definition
A fibration D _S_, B is split when it is of the

form fP&Q% for some functor B°° _P_. cat

SplFibr(‘B) = cat([B°P, Set])

Examples
) . f
Representable discrete fibrations B/ b)———b
p a \ ) /e
otal fe
/
B b’——b



Split fibrations

Definition
A fibration D _S . B is split when it is of the

form fPﬂ ‘B for some functor ‘B°P L} Cat

SplFibr(‘B) = cat([B°P, Set])

Examples
The Yoneda fibration B, fiefo b’ L b
o = q o
* Voo

m (a, b)



Split fibrations

Definition
A fibration D _S . B is split when it is of the

form fPﬂ ‘B for some functor ‘B°P L} Cat

SplFibr(‘B) = cat([B°P, Set])
Examples

For C an internal category in B [, &(b, C) Phop

Top L Set



Split fibrations

Cat/g

SplFibr(B)__ L Fibr(B)



Split fibrations

S(p) = [, Fibr(B)(a p) 220, B

Cat/g

SplFibr(B)__ L Fibr(B)
e L -

Theorem (Fibered Yoneda Lemma)

For a fibration ‘E L) B and a split fibration D _S_, B

Fibr(B)(s, p) = SplFibr(B)(s, S(p))



Split fibrations

S(p) = [, Fibr(B)(a p) 220, B

R(t) = [, Cat/g(¥a t) 20, B Catl

u

>R

SplFibr(B)_ L Fibr(B)
e L -

Theorem

For a functor C —t_, B and a split fibration D _S_, B

Cat/g(U(s), t) = SplFibr(B)(s, R(t))



Fibrations are pseudo-coalgebras

ur( Cat/g
\

Fibr(B)==Ps-UR-Coalg

Theorem
The comonad on UR is KZ and the pseudo-coalgebras are fibrations



Fibrations are pseudo-coalgebras

ur( Cat/g
\

Fibr(B)==Ps-UR-Coalg

Corollary

For a fibration ‘E L) B there is a diagram

Yp
e (SET T [, Cat/g(%ap)
o

R%
B
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