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Fibrations are categories varying over a category

Definition
A fibration is a functor Bop P

// Cat

i.e. data as follows
�. for every object b in B a category P(b)
�. for every f :b0 // b in B a functor P(f ):P(b) // P(b0)

�. for every object b in B a commutative diagram P(b)
IdP(b)

//

P(idb)
//

P(b)

�. for every composable pair g:b00 // b0, f :b0 // b in B a commutative
diagram P(b0) P(g)

++P(b)
P(f ) 33

P(f � g)
// P(b00)



Fibrations are categories varying over a category

Definition
A fibration is a functor Bop P

// Cat

A homomorphism of fibration is a pair
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•bf
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Fibrations are categories varying over a category

Definition
A fibration is a functor Bop P

// Cat

Examples

Set
op �

// Pos �
�
// Cat

Ctx
op
L

LTT
// Preord �

�
// Cat for T a theory in first order logic

Gop �
// Aut(H ) � � // Cat

Set
op C (—)

// Cat

Bop F
// Set �

�
// Cat

Bop
B /(–)

// Cat when B has pullbacks



Fibrations are categories varying over a category

Definition
A fibration is a functor Bop P

// Cat

Examples

Set
op �

// Pos �
�
// Cat

Ctx
op
L

LTT
// Preord �

�
// Cat for T a theory in first order logic

Gop �
// Aut(H ) � � // Cat Set

op �
// Cat

S �
// �(S)

S0 �
// �(S0)

f
✏✏

f��
✏✏

�
//

Set
op C (—)

// Cat

Bop F
// Set �

�
// Cat

Bop
B /(–)

// Cat when B has pullbacks



Fibrations are categories varying over a category

Definition
A fibration is a functor Bop P

// Cat

Examples

Set
op �

// Pos �
�
// Cat

Ctx
op
L

LTT
// Preord �

�
// Cat for T a theory in first order logic

Gop �
// Aut(H ) � � // Cat Ctx

op
L

LTT
// Cat

(x�, . . . , xn) �
// LTx�,...,xn

(y�, . . . , ym) �
// LTy�,...,ym

(t�, . . . , tn)
✏✏

–[~t/~x]
✏✏

�
//

Set
op C (—)

// Cat

Bop F
// Set �

�
// Cat

Bop
B /(–)

// Cat when B has pullbacks



Fibrations are categories varying over a category

Definition
A fibration is a functor Bop P

// Cat

Examples

Set
op �

// Pos �
�
// Cat

Ctx
op
L

LTT
// Preord �

�
// Cat for T a theory in first order logic

Gop �
// Aut(H ) � � // Cat

Gop �
// Cat

� �
// H

g

YY

�g

YY

� //

Set
op C (—)

// Cat

Bop F
// Set �

�
// Cat

Bop
B /(–)

// Cat when B has pullbacks



Fibrations are categories varying over a category

Definition
A fibration is a functor Bop P

// Cat

Examples

Set
op �

// Pos �
�
// Cat

Ctx
op
L

LTT
// Preord �

�
// Cat for T a theory in first order logic

Gop �
// Aut(H ) � � // Cat Set

op C (—)
// Cat

S �
// C S

S0 �
// C S0

f
✏✏

– � f
✏✏

�
//

Set
op C (—)

// Cat

Bop F
// Set �

�
// Cat

Bop
B /(–)

// Cat when B has pullbacks



Fibrations are categories varying over a category

Definition
A fibration is a functor Bop P

// Cat

Examples

Set
op �

// Pos �
�
// Cat

Ctx
op
L

LTT
// Preord �

�
// Cat for T a theory in first order logic

Gop �
// Aut(H ) � � // Cat Bop F

// Cat

b �
// F(b)

b0 �
// F(b0)

f
✏✏

F(f )
✏✏

�
//

Set
op C (—)

// Cat

Bop F
// Set �

�
// Cat

Bop
B /(–)

// Cat when B has pullbacks



Fibrations are categories varying over a category

Definition
A fibration is a functor Bop P

// Cat

Examples

Set
op �

// Pos �
�
// Cat

Ctx
op
L

LTT
// Preord �

�
// Cat for T a theory in first order logic

Gop �
// Aut(H ) � � // Cat Bop

B /(–)
// Cat

b �
// B /b

b0 �
// B /b0

f
✏✏

f�
✏✏

�
//

Set
op C (—)

// Cat

Bop F
// Set �

�
// Cat

Bop
B /(–)

// Cat when B has pullbacks



Fibrations are categories varying over a category

Definition
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Fibrations are categories varying over a category

Definition
A fibration is a pseudofunctor Bop P

// Cat

i.e. data as follows
�. for every object b in B a category P(b)
�. for every f :b0 // b in B a functor P(f ):P(b) // P(b0)

�. for every object b in B a natural isomorphism P(b)
IdP(b)

//

P(idb)
//

P(b)•�b
✏✏

e

✏✏

�. for every composable pair g:b00 // b0, f :b0 // b in B a natural isomorphism
P(b0) P(g)

++P(b)
P(f ) 33

P(f � g)
// P(b00)

•�g,f
✏✏

e

✏✏

which satisfy. . .



Fibrations are categories varying over a category

Definition
A fibration is a pseudofunctor Bop P

// Cat

i.e. data as follows. . . which satisfy
for f :b0 // b
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IdP(b)
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P(b) P(f )
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•
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•
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=
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•

idP(f ) AA

and. . .



Fibrations are categories varying over a category

Definition
A fibration is a pseudofunctor Bop P
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i.e. data as follows. . . which satisfy
for f :b0 // b. . . and
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✏✏

IdP(b0)
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•�b0
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•
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||

=
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P(f )
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•
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xx
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Fibrations are categories varying over a category

Definition
A fibration is a pseudofunctor Bop P

// Cat

i.e. data as follows. . . which satisfy. . . and
for h:b000 // b00, g:b00 // b0, f :b0 // b

P(b)
P(f � g � h)

//

P(f )
✏✏

P(b000)

P(b0) P(g)
//

P(g � h)

77

P(b00)

P(h)

OO

•

�h,g
ll

•�g�h,f
OO

=

P(b)

P(f � g)
''

P(f � g � h)
//

P(f )
✏✏

P(b000)

P(b0) P(g)
// P(b00)

P(h)

OO

•
�g,f ;;

•

�h,f�g

dd



Fibrations are categories varying over a category, II

Definition
A fibration is a functor E

p
// B such that

for every e and f

there is bf
universal with the property

e_

✏✏

E

p
✏✏

b0 f
// b B
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// b B
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Definition
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p
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_

✏✏
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_

✏✏

bf
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✏✏

E
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((p(k) = g )) b0
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Comparing pseudofunctors and fibrations

Pseudofunctors Fibrations

Bop p��
// Cat

�
oo E

p
// B

the category p��(b) :

e

v
✏✏

s.t. p(e) = b

v:e! d in E

s.t. p(v) = idb

e0 s.t. p(d) = b
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Pseudofunctors Fibrations
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�
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��(f :b0 ! b)

// p��(b0)
e f�(e)�

//

f�(e)
_
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Comparing pseudofunctors and fibrations

Pseudofunctors Fibrations

Bop p��
// Cat

�
oo E

p
// B

Bop P
// Cat

�
//

R
P pr�

// B

the category
R
P : (b0,�0)

(f ,h)
f :b0!b in B

// (b,�)
s.t. �02P(b0) h:�!P(f )(�) in P(b0) s.t. �2P(b)

composition is (b00,�0)
(g,k)

//

(f � g,�g,f � (P(g)(h)) � k)
11

(b0,�0)
(f ,h)

// (b,�)



A picture of composition in the category
R
P

�00

k
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P(g)(�0) �P(g)
oo �0

h
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P(f )(�) �P(f )
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P(b00) P(b0)
P(g)

oo P(b)
P(f )
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Comparing pseudofunctors and fibrations, II
Examples

Pseudofunctor Bop P
// Cat

Set
op �

// Pos �
�
// Cat

Ctx
op
L

LTT
// Preord �

�
// Cat

for T a theory in first order logic

Gop �
// Aut(H ) � � // Cat

Set
op C (—)

// Cat

Bop F
// Set �

�
// Cat

Bop
B /(–)

// Cat

B with pullbacks

Fibration
R
P pr�

// B

Sub // Set

E
� _

// E0
� _

S
f
// S0� //

S
f
// S0

(~x,�)
~t

s.t. ~x|�`T �[~t/~x0] ##
~x ~t // ~x0 
//

(~x0,�)
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Split fibrations

Definition
A fibration D s

// B is split when it is of the
form
R
P pr�

// B for some functor Bop P
// Cat

SplFibr(B) = cat([Bop,Set ])

Examples
Sub // Set

G n� H
pr�

// G

Fam(C ) // Set

Discrete fibrations
R
F pr�

// B
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Split fibrations

Definition
A fibration D s

// B is split when it is of the
form
R
P pr�

// B for some functor Bop P
// Cat

SplFibr(B) = cat([Bop,Set ])

Examples

The Yoneda fibration B�

H

✏✏

b0
f�

//f�ef�
ww

b
exxa0 af�

oo

Bop ⇥ B (a0,b0)
(f�, f�)

//

m

��

(a,b)

i
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Split fibrations

Definition
A fibration D s

// B is split when it is of the
form
R
P pr�
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Examples

For C an internal category in B
R
bH(b,C)

pr�
// B

Top U
// Set



Split fibrations

S(p) =
R
a Fibr(B)(Ha,p)

pr�
// B

R(t) =
R
a Cat /B (Ha, t)

pr�
// B

Cat /B

SplFibr(B) � � //

+
↵

99

Fibr(B)
?�

OO

qq ?

Theorem (Fibered Yoneda Lemma)

For a fibration E
p
// B and a split fibration D s

// B

Fibr(B)(s,p) SplFibr(B)(s,S(p))
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Split fibrations

S(p) =
R
a Fibr(B)(Ha,p)

pr�
// B

R(t) =
R
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pr�
// B

Cat /B

R
vv

>
SplFibr(B) � � //

+
↵

U

99

Fibr(B)
?�

OO

qq ?

S
mm

?

Theorem
For a functor C t

// B and a split fibration D s
// B

Cat /B (U(s), t) SplFibr(B)(s,R(t))



Fibrations are pseudo-coalgebras

Cat /BUR ��

>

!!

Fibr(B)
?�

OO

Ps-UR-Coalg

aa

Theorem
The comonad on UR is KZ and the pseudo-coalgebras are fibrations

Corollary

For a fibration E
p
// B there is a diagram

E

p
��

�
//

?IdE
��

R
a Cat /B (Ha,p)

yp
oo

R(p)
xx

B
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